
WC1

2 . 1  ¶Jp1lil 32

2.2 snElnaernlsw~soEl%unl~~~~~l~~~0~~a~~~~b’~era  : Pooled t - Test 32

2.3 fllWlWT0EI  Ho : e, = e2 &&&s  (ldL3u~)  bThZiWS3i0fk 34

2.4 ih0eil.lnlPl~~0¶l  Ho : g,  = /LL 61 C, = C, 37

2.5 Linear Discriminant Functions 39

2.6 Simultaneous Confidence Intervals 4 2

2.7 nl~~lbbPrnn~PJv0~~~~0~~~~~~~nl~~0~  Linear Discriminant Function 47

2.8 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~  Variance - Covariance Matrices 2 Matrices
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“ I f4
$, =  jcl Ylj  ‘“I

’
Y2 = I?,  Y2j  ’ n2
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c = (Y, - Y*)*

,L+1
c nl‘! In2

D2
=

:. t2 = nl n2
c ( ID2

nl  + n2
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T2 nl n2
=(PA,  + q  - 7-I ( 1

D2
4 + “2

Treatment
l:[Y, -Np(lr,J,)l 2:[5- NpO12’?2)]

Sample Characteristic Sample Characteristic
No. 1  2 . k . . . p No. 1  2 1.. k p

1 y(l) (2) W
II Y,, . . . Y], . . . YW
(I)

2 y12
(2) CdY,2 . . . Y12 . . .

+Pi
1 2

. . . .

Yg’ .:. Y::, . . . ,,Y’P’

: i . .
(I) (2)

4 Yin Y,,,  .
yW

I”, ..f
y(P)
‘5

(1)
1 Y2I Y (2) 03 (P)

21  ‘.. Y2, . . . Y21
(2)

2 Y::’ y22  . . . Y:l)  .
(P)

Y22

. . . . .

j Y(!’21 Yf’ . . . Y;) . . . Y’P’2,

. . . . .

y_‘,  = [ YI’)Yf)  . . . YI”’  1,  x;  = [ Y’z”  Y:“’  . . . Yf) ]

subscript i X$%llT~ (treatment d%Ud’da  2 ?ffTi) i = I,2

subscript j TzyMtiafJw~ROJti  “(experimental unit w”) j = 1, . . . . ni

superscript k X~&wt&~@I  (&%J&J  p $fWblbZ) k = l,...,p

La18 p-variate observations 9171  multivariate normal population 2 populations
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_Ylj  - NJ@,,  cl),  j=  1, . . . . nl

y2j  - N&2,  c2h  j = 1, ..., n2

bb8.5 c, = c2

“I“I
y\k) =y\k) = jg, Yl:bjg, Yl:b

II

.._.  (2.3.1).._.  (2.3.1)

k = I, 2, . . . . P
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k=l, . . . . p . ..(2.3.2)

SPY(2k’YF’  =

k#m= 1, . . . . p

. ..(2.3.3)

SSyck) = SSy,  (k)  + SSyik’r  k = 1, . . . . p

I

. ..(2.3.4)

spyWy(m) = SPfik)y(,m)  + SPy$k)y$mm),  k #m=l,  . . . . p

Skk = SSyck)/(n,  + n2  - 2) , k=l,  . . . . p

. ..(2.3.5)

Skm = SPy’k)y(m)/(n,  + n2  - 2) , k#m=l,  . . . . p

dk  = yjk’  - yik’  , k= 1, . . . . p . ..(2.3.6)

w

D2

Tf =  [n,n2/(n, +  n2)]D2

61 H, 69 T2,  L%wi?%ns  TFP
, n, + n2 - 2)

L3ld@H8  H, 61 Tf ikila.Jlnn7-al TFP  ” + n 2) (y
‘I 2 9
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33 60 35 57

36 61 36 59 *

35 64 38 59

38 63 39 61

40 65 41 63

43 65

41 59

Total 182 313 213 423

thmWil~lS~  tWJCTih6pl"a~e  2.3 &if (p = 2,nl = 5, n2 = 7)

Q-In (2.3.1) 3" = 182/5= 36.40 , ;I"' = 313/5 = 62.60

i-i" =213/l = 39.00 $) = 423/l = 60.429

Qlfl (2.3.2) ssyp = 6654-6624.80 = 29.20

ssy\2) = 19611-  19593.80 = 17.20

ssyp = 10697 - 10647 = 50.00

ssyi2' = 25607-25561.28 = 45.72

Ql'il (2.3.3) SP$U  $2,
I’  I = 11410-11393.20 = 16.80

SP  ,I) (2)y2 * Y2 = 16537-16497 = 40.00
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Qlfl  (2.3.4) ssy(') = ssyy  + ssyy = 29.20 + 50.00 = 79.20

ss Y(" = ssyj2' + ssyp = 17.20 + 45.72 = 62.92

spyWy’2’ =  sPy\‘)yj*’  +  SPy$‘)y$2)

= 16.80 + 4 0 . 0 0  = 56.80

oln (2.3.5) s,, = 79.20/10 .= 7.920 (n, + n2 - 2 = 5 + 7 - 2 = 10)

s22 = 62.92/10 = 6.292

s12 = 56.80/10 = 5.680

aln (2.3.6) d, = $1,  _  $1)
1 = 36.40-39.00 = - 2 . 6 0

4 = -(2)  _ -?2,
Y, y2

= 62.60 - 60.429 = 2.171

s zz. .

s-1  = -0.323274

-0.323274 0.450762 1
D* = = d's-'d

= [-1.6329034 1.8191167]  [;;;;I  = a' [;:-:J

= 8.1948511

. . Tf.  = [ (5)(7)  / (5 + 7) ] (8.1948511)

= 23.901648

97nmi-m  Tf2,  ,O),  ,o,  = 17.826
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X  T e m p e r a t u r e  1

I

0 - Temperature 2

x

0

0

x 0

Cl

0

ST 437

1 ! : : ! : : : : : : : :
3 3 3 4 3 5 3 6 3 7 3 8 19 40 4 1 42 4 3 44. Y”’ = Yield Point
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i, = jg,L,j/n,

b5lb%Jn  linear combination

;I linear discriminant function

YO9 bivariate medsurement

40 ST 437



Kaiaoeiisbh
ni LQ , i = l,..., p ; j = 1, . . . . ni

ST 437



4 2 ST 437



n,  = 31 n, = 12

Information y(l)=  12.57 -y$“=  8.75

Similarities yP’= 9.57 jy’.= 5.33

Arithmetic y(3)=  11.49 #=  8.50

Picture Completion y14)=  7.97 y$4’= 4.75

s-1 =

:

0.259064

- 0.135783

- 0.058797

-0.064719

p=4,  k = l , . . . . 4

d, = ;y-  $1’

dz = jf’- yp'

4 = yp’-  y$3’

4 = ;y-  ;$4’

-0.135783 - 0.058797

0.186449 - 0.038305

- 0.038305 0.150964

0.014283 ~ 0.016920

= 12.57 - 8.75 = 3.82

= 9.57 - 5.33 = 4.24

= 11.49 - 8.50 = 2.99

= 7.97 - 4.75 = 3.22

- 0.064719

0.014382

- 0.016920

0.211171
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= d’ S-’ d = a’ d

= [ 3.82 4.24 2.99 3.22 IS-'

= [0.0297 0.2036 0.0099 0.4431 ]

3.82

4.24 = a’ d

2.99

3.22

= 2.4331

LLflt  Tf = [ nlnZ  / (nl  + n2) ] (2.4331)

= [ (37)(12)  / (37 + 12) ] (2.4331)

= 22.047

c’ d - < C'("c,  -y2) < c' d
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(;, - Y,, - Spo&dt”l  + “2 2,  ; - p2 < (y,  - y,) + %ooled  *nl  + n2 -2, y

c;d=[l 0 0 01 3.82

4.24 = 3.82

2.99

3.22

t
Jq-iq = 9.4042 7.1489 3.3830

13.5318 7.3830 2.5532 0

7.3830 11.5744 2.6170

1::  1

0

2.5532 2.6170 5.8085 0

9.4042 7.1489 3.3830 . I  ]1

0

0

0

= d 11.2553

= 3.3549

= 1.1040

&&.k 3.82 zt (3.3549) (1.1040) = 3.82 f 3.70 = (0.12, 7.52)

. C.I. lIEI  p1(‘)  - $) &I  (0.12, 7.52).
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lu+17Pboc~aifJa%.kil~%I  nimmw Similarity

c;  = [OlOO]

b5ll41 c; d = 4.24

m = 3.6786

@%h  C.I.  lJO.7 p$  - py)  61  4.24 +z (3.6786) (1.1040)

= 4.24 zt 4.06

= (0.18, 8.30)

h4?lJnl%Yl~~~¶J Arithmetic

c; = [OOlO]

c; d = 2.99

d c;Sc3  = 3.4021

&&4 C.I. “1109  pf) - fii3) %I  2.99 zt 3.4021 (1.1040)

= 2.99 zt 3.76

= (-0.77, 6.75)
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; (y(‘), L; = 3.82&11.2553) (2.4331)

= 3.82/5.2331

= 0.7300

h%J  Similarities (y@))  t31ln’ ij (yt2),  L) = 0.7389

th?U Arithmetic (y(3))  iTI!&  6 (yc3),  L) = 0.5634

Ehs'Y Picture Completion (~(9  ~31% 8 (yc4),  L) = 0.8565

ij (yc2),  L) = 4.24/ l(l3.5318) (2.4331) = 4.24/5.7380  = 0.7389

e^(yc3’,  L )  = 2.991 J(ll.5744) (2.4331) = 2.99/5.3068  = 0.5634

ij(y’4’,  L) = 3.22/ J(5.8085)  (2 .4431)  =  3.2213.7594  =  0 .8565
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~~~:  D2 = [ 3.82 4.24 3.22 ] S-’ 3.82

i I

4.24

3.22

= [ 0.0337 0.2061 0.4441 ]

1

3.82

4.24

3.22
= 2.4326

:. T2 =c II (37) (12) / (37 + 12) 1 (2.4326)

= 22.042

~lnnlV'h linear interpolation TtJ 47) ,ol  = 13.321> 3
Tf > 13.321 LTll$jLR3  Ho : p1  = c2

bwnd fL;  = [ 81’) py @p  ] LLAt

& = [ II:” $’ $+ ]

Linear discriminant function ~UWtkwt~  &I

L = 0.0337 y(‘)  + 0.2061 y(2)  + 0.4441 y(4)

PiSYnlpSl  Simultaneous CA’s

&loSa”nr  Information (y(l))

C;  d = 3.82

Jqy--  =Jxiz = 3.3549

Jnh:n,ll’  =p&%==  0.9862

:. ~a~naiubio&lm  pl(*) - p2(l) $0 3.82 f (3.3549) (0.9862)

= (0.51,7.13)

a”lMa”l  Similarity (y(2))

c; d = 4.24, de;= d=  = 3.6786

:. (2.1.  9104  a,(2)  - p2c2)  !Q 4.24 zt  (3.6786) (0.9862)

= (0.61, 7.87)

a’lpS%J  Picture Completion (y”3

c;  d’ = 3.22

jck  = t/5.8085’=  2.4101

:_ c.1.  WQJ  ClI”’ - p;)  fi0 3.22 f (2.4101) (0.9862)

= (.84,  5.60)
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‘FWA  St LblZ  S, Lh  variance - covariance matrices 1109$-d  1 bEit ni$d 2 maJ

S= [ (q - 1) St + (n2 - 1) S, 1 / (nt  + n2  - 2)

ttnz  log Bo log p1ukJ
I 1 1*

fm~~m  = l-’ I(nl)+(“2)I)-(n,+n2-2) I [ (2$ + 3p-1)/6@ + 1)1
ilM<lJ  n,  LLW::  n2  khlrUWl1V1~

X2  = 2.3026 m M - ,X2, CP  + ,), z

1 log, x = In  x = 2.3026 loglo x 1

s, = [ mmmw~] -3, = [;:~;K:;~]

s=

I

4(7.3) + (6) (8.3333) 4(4.2) + 6(6.6667)
10 1 0

4(4.2)  + 6(6.6667) 4(4.3) + 6(7.62)
1 0 10 1

=

[

7.9199 5.6800

5.6800 6.2920

( s ( = 17.5702, 1 S, 1 = 13.7500, IS21=  19.0548

M = 10 log (17.5702) - 4 log (13.75) - 6 log (19.0548)

cc 10 (1.24477) - 4 (1.13830) - 6 (1.28)

= 0.21450

LkX  m =I- ;+;-
1

1
10 I[ (8 + 6 - 1) / 18 1

= 1 - (0.3167) (0.7222)

= 0.7713

&$t.&  2.3026 m M = (2.3026) (0.7713) (0.21450)

x,’  = 0.3810
2

...  x3,.05  = 7.815 > 0.3810 L4lbh@Rb  Ho : C, = E,

I I
namlanq  tm01901wl1  x;,.o5 bmmixiiw+i7uos  Tf3,-,  .05  ,,,,q~
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dj  = ylj - yzj , j = l,...,n

d= 1 n-z: dj
n j=l = Pi -T,

SSd = F=, df - -)2 ,&sscI
D n-l

n
2ST SD

D= ii

~IJUU  .D2  = d2 / s2,,

= d
1 d = (7,  - 7#
z
SD S2D
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w

&ik4LmWi6kJU  djk”s  l%WJW%&

d(,‘) d,c2) . . . dck)

d$” di2) . . . dx)

. . .

. . . .

cl!” cl!‘)  .:. dk’ . . .
J

d;‘) di2)  . . dik) . .” n

ST 437

df’)

dp)

d jp)

d(P)
”
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a, = ;: dtk)/n,k = l,...,p
j-1.'

ss,=g ( k,  1
j=l

(dj’))2-(FE,dj  )/n,k=l,...,p

SP,,  = ”c dtk)dJ!m)  - (F=, djk')  (,tl dr))/  n,k f m = 1, . P
j=l J

skk = ssk/(n  - I), k = 1 , . . . ,p

S km = SPk,/(n-l),k+m  = l,...,p

&&A. D2 = ii’S-’

= [‘ii, b, . . . i$ ]

31 s,2 . %

32 s22 . . S2p

$3 s2p . . s PP

I- b,  -

a2

h!J
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Informal

YI’) 9)
Words Verbs

FOlUb¶l

YP ) YP)
Words Verbs

Words

d’ +’ - y:’

Verbs

d==yf)  -yp

1 148 20 137

2 159 24 164

3 144 19 221.

4 103 18 208

5 121 17 178

6 89 11 128

7 119 17 154

8 123 13 158

9 76 16 102

10 217 29 214

11 148 22 209

12 151 21 151

13 83 7 123

14 135 20 161

15 178 15 175

15 +11 +5

25 - 5 -1

27 -80 -8

33 -105 -15

24 -57 -7

20 -39 -9

18 -35 -1

16 -35 -3 I

21 -26 -5

25 +3 +4

24 -61 -2

16 0 +5

13 -80 -6

22 -26 -2

23 +3 -8

Total -092 -53

A7uam$sioldZ
d, = -492/15  = -32.80

6, = -53/15 = -3.53

SS,  = 31482- 16137.60 = 15,344.40

SS, = 629 - 187.27 = 441.73

SP,, = 3697 - 1738.40 = 1958.60

SI1  = 15344.40/14  = 1096.03

s22  = 441.73/14 = 31.55

S 12  = 1958.60/14  = 139.90
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InAym (y(l))  w~~i~auaoui4nnim.4  (y(*))  uo.wiobbG~ud~:~

@huamdlda~d~

d,  =  120/15  =  8 .0

d2  = 46/15  = 3.07

SS, = 2662 - 960.00 = 1702.00

SS,  = 446 - 141.07 = 304.93

SP,,  = 607 368.00 = 239.00

31 = 1702.00/14  = 121.57

s22 = 304.93/14  = 21.78

s 12 = 239.00/14  = 17.07

L-ilHl

s = L’rl:; ;y:;]
0.009243 - 0.007244

.s-’  =

- 0.007244 0.051591 Ipl
%rili4,

D* zz 8.00 3.07 1 s-1 8.00[ 13.07

= 0.100432 1 8.00[ 13.07

= 0.721966

LLR”  T;  = (15) (0.721966) = 10.829

2.12 VWlBB¶I  Ho : el = &2  I& C, f Cz

hT.xnm  “, dig~~inni,~,~aaoeilsVU7R  n,  9in multivariate normal population

fE mean c, LbflZ  variance covariance matrix C, blnt
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s, =

1 1

, s,  =
29.5556 81.5556

i89.5556 - 72.4444-

- 72.4444 114.5444

, n,  = 10, n2 = 10
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bbi3: s =
104.7833 -2 1.4444

-21.4444 98.05000
I

ISI=  9814.1403 ,[S,I=  758.4838 $,I= 16464.3414

M = 18 log (9814.1403) -9 log (758.4838) - 9 log (16464.3414)

= 18 (3.99186) -9 (2.87995) -9 (4.21654)

= 7.98507

= 0.8796

~~~bdl~os~~~.88~~~~~~~  xz =  2 .3026  mM

= 2.3026 (0.8796) (7.98507)

= 16.1727

yFh$ito  x:,,~,  = 11.345 .: x; > 11.345 L'jld$jbFlb  Ho : C, = Z,  @b?h

variance - covariance matrices $4 2 b.hYil?%-4

~~~~~~~~~~~~~~~~~~~~~  2.10 &leS%lhJWl~  h.&l%U0S  paired observations

hIlEl4  dck)  = y!F)  - y!$),  k = 1, 2 ; j = I, ._.  , 10 LLR’+lJ?,WlXi’lJ~  2.9
J
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S =

I J

,s-I=

-105.63 218.77

. T2c  z ;;[6.7  7.1]  s-l / “.;1

0.009922 0.004791I 10.004791 0.006884
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‘km = SP,,/(n, - 1) , k #  m = l,..., p

slP
3P

S
P P

x= 1

“ 1
c xj=yl-
j=l

Yield Point And Tensile Strength of Steel

(1)
Yl = Ultimate strength y:2) = Yield Point yy)  = Ultimate Strength yf) = Yield Point

91 55 8 4 30
95 4 9 1 0 6 37
81 4 8 9 0 3 4
83 53 93 3 4
7 6 4 4 16 27

108 57 77 57

Total 534 3 0 6 5 2 6 2 1 9

1 5 5 4
14 51
8 2 6 4
72 5 6

Total 829 4 5 0

( 8 2 9 )  =  1 0 . 9 4 0 2 ,  d&b
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N u m b e r X!”1
X!2’J

I 1 0 . 9 4 0 2 1 5 . 0 3 4 9
2 -2.1010 3.6127

3 -3.7074 4.9365

4 -4.0312 9.9365

5 2.1370 6.3587

6 33.3624 -3.8793

Meall X, = 6.1000 X2 = 6.0000

b-21~3h-h R, = ;I" - ;p

g2 = $2' - ;I"'

6~~u~luam

-0) =
YI 53416  = 89.0

-w =
y2 829/10  = 82.9

;;a  = 306/6 = 51.0

$2’ = 450110  =  45.0

,%: D

cwu.mw9inniuablb  sl,,  s22  unr  s,~  Ga"ab-nt$b

209.69081360 -47.37945701

s =
-47.37945701 40.33698360

:

bblt s-l =
0.00649185 0.00762526'

1 0.00762526 0.03374771 1

= (6) [ 0.08535185 0.24900035 ] = 12.0879
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(1)
Yl

c-3
YI

Words Verbs

(1)
y2

Words

(2)
y2

Verbs

106 12

159 2 4

1 3 1 21

1 8 1 27

125 14

143 2 0

165 28

139 25

194 25

1 5 3 22

149 2 2

132 2 0

140 1 7

88 1 3

117 1 5

133 19

8 6 12

159 28

195 28

183 2 4

123 16

175 25

129 16

1 8 1 27

111 12

168. 2 9

117 1 3

113 19
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1

2

3

4

5

6

1
8

9

1 0

335

528

520

569

409

720

556

644

728

627

60 198 5

650 300 5 5

370 219 1 7 9

140 298 20

62 438 8 1

784 643 490

319 472 200

100 364 30

680 500 379

190 474 390

n $1) )sZ) Y(3) $4) )s5)

nmE?~Hlami  (PS) 24 IS.64

nm~i?n~amawi  ( L A )  4 0 20.92

l&3"

1

204.39 -468.01

-468.01 6999.16

sps  = -81.18 2756.62

-129.71 616.12

i
-22.39 2995.45

-

209.00 - 47.97

- 41.91 6334.40

s 2
LA

167 .88  3810 .98

- 159.84 4294.83

L. - 188.10 3174.67

ST 437

552.88 635.12 532.29 613.46

533.40 554.42 535.27 533.95

-81.18 - 729.71 - 22.39

2756.62 616.12 2995.45

3430.46 2534.57 2255.24

2534.51 9833.52 3162.08

2255.24 3162.08 3883.48

-- 167.88 - 159.84 - 188.10

3810.98 4294.83 3 114.67

5019.27 3792.32 2998.38

3192.32 5602.32 2166.40

2998.38 2166.40 4490.10
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