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5.1 Wishart  Matrix (E matrix)

~uni5~lnis~~n~l~Ps'~~~~~~~  (Correlation analysis) LTt&J~  matrix E Pq?kI

matrix ~109  sums of squares LLR: sums of products for errors L9lb%JTl  matrix E -dl “Wishart

matrix” matrix E Ih symmetric positive definite matrix

5.1.1 Single Sample

%JlSbzal  data matrix

YIl  “.  Ypl

: : :.

Ylj ... Ypj

: :. .

Yl”  ..f Ypn

Yl

YJ

Y,:

n observation vectors

n ;El sample size

yi b?h  observation vector “~09  randomvariable  Y %U p-dimensional space, j = 1, . . . . n
I

hd Y’ = [Y, . . . YJ

Y - N&y  Cl

Y’ = EI  Yz  ...  ?,I
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E =

E = ,~,  (Y,-J)(Yj-;)’ *

”
= ,-‘, YjYj’  - nyu’

YJJ 2
YIJ YI,Y2,  “’ YJJYPJ

Y,Y, = YlJ [Ylj  Y2j  .t. Yp,l  = Yl,Y2, 2
Y2I ... Yz,Yp,

YP, >
YllYPl YqYp,  ,.. YPJ

n

jC, YljYpj - ni5,

i, YIjY*j - niti j$, 4 - ‘j3
”

. . . jC, Y2jYpj  - nY2%

” ” n
C YIjYZj - nkf, jF, Y2jYpj  - GYP . . .

,=L jC, Y’, - ‘3
PXP

SSY,  SPY,Y2  ... SPY,Yp

= SPY,Y2  SSY2  .,. SPY,Y,

SPYIY,  SPY,Y,  ... SSY,  1

-1 bh4 unbiased esthate 209 C

3 a$&~  Sample Variance - Covariance matrix
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5.1.2  k Independent Groups

6l;ldl~~tflPl¶JlTllfl  k independent groups of sampling units

mnn~sJd  h Y, - Npbh, Cl , h= 1, . . . . k

Y, = iy,h  Y2h  ... Yphl

C 60 common variance-covariance matrix

Yllh  ... Yplh

Yljh ... Ypjh

Yln,h  ... Ypn,h

=

!‘nhh

Yih

Y;h

th = ih  = [Y,h Y2h  ... ?phl

Yijh  = fh%.un@Whti  j 5rmk$Jd  h  vo.#d&&aiaMd  i

i=l , . . . . p, j=l, . . . . nh,  h=l,  . . . . k

Unbiased estimate 9109  c g0 S

’

1 kn, _
= (n  hE,  jF,  (Yjh  - yh)  “jh  - ?h)’

1 k

= (n h:, Eh

b WA n=n,  + n2  + . . . 4 nk = h$,  nh

bbA: Eh $0 matrix of sums of squares and cross products a%4  h th group

5.2 Wishart  Distribution

b~70??b%96 matrix E IbRZ h=,k Eh %$0L$pb;&OS  sum of products “II09  (n-l)

LLFI; (n - k) independent p-dimensional random vectors 49a  Common distribution N(0,  C)
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%Mw”a  7 !d symmetric positive delinite matrix E “1104 quadratic LtAL bilinear forms

n
ic, xix;

x; = [X,  . . . xp]

LLEJ:  xi - NID,  (0, C) (NID = Normally independenly distributed)

E d tllS118tlll9d  I%.& Wishart  distribution

Density function llD9  symmetric positive definite matrix Epxp %I

w(E;C,nJ =
a , . (I)

i

zz 0 ,elsewhere

thM%J  single-sample matrix E : n, =I  (n- 1)

hM%J  k-sample within groups matrix : n, = (n -‘k)

ne %I  degrees of freedom parameter V09  Wishart distribution

51 p = 1 Lt.61:  c = 1 Wishart distribution TlalLlt~U X2 - dist”

id n, df (c  = 1 =%‘y  = 1)

%l~t%l  Chi-square distribution

-4,
22

n&
f(x2)  = -(x2)  2

r q)
exp(- i x2) , o~x2<oo~x2

nc

I I
,

pin 0

II-2

w(E;  1, ne) =
ET exp(  - 3 E)

?z
sqF)exp(-;E),  0~~  E  < m  , E  = e,,

r @
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5.3 Inferences for Variance - Covariance Matrices

Reject Ho $1 LC‘> X2p(p+I))&
2

$1 n dllUlGdlUfl~1-J I??  scaled statistic

L’ = [1--&(2p+1-~
(P-+1)

)I  L

(a~o~l~s;s”nl3d3~aJlm  hJa=s  x2 b&4)

4 3 2

3 6 5

2 5 10

iq  cy =.05
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3.42 2.60 1.89

Cl Sample variance-covariance matirx %I S = 2.60 8.00 6.51

1.89 6.51 9.62

PXP

( co  1 = 86, / S 1 = 88.6355, tr SC,’  = 3.2222

Y  =  n - l  =  19,p=3, p(p+I)  =  6
2

L = 19 (In 86 - I n 88.6355 + 3.2222 - 3)

= 3.65

L ’  =  [l-L(2 x  3  +  Q-2
6 (20-I)

] 3.65 = (1 - .0570175)  3.65
@+I)

YEl9 C (common variance - covariance matrix)
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~$0  M = 2.3026  Iii, (ni  - 1) log 1 S 1 - i&,  (ni  - 1) log 1 si 11

2p2 + 3p k-
=I-(

1
Ml::  c

6(p+  1) (k- 1)) (iFI  (5) - igI  (n:  _ 1)’

c = , _ (2~’ + 3~ - 1) (k + 1)
6(p  + 1) k (n - 1)

4.32 1.88

s, = I I bEi:  s,  =

1.88 9.18

.s =. .

p=2, k=2,  n, =n,=32=n  :. n=32

$ (k-l) p(p+l) = +(2-l)  2(2+1)  = 3

2.52 1.90

1.90 10.06
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M = (n,-  1) + (n2 - 1) InISI-  (nl  - l)InIS,l  - (n2 - 1)lnIS21
I

= 62 In 29.328 - 3 1 In 36.123 - 3 1 In 21.741

= 2 .82

c =l- (8 + 6 - 1) (2 + 1)

6(2  + 1) 2(32 - 1)

1
(13)  (3)

6(3)  (2)  (31)
= 1 - .035 = 0.965

1Y@J6klhYllU161  n Plfl  bivariate nomal distribution

Observations : (y i, z i), i = 1, .._  ,n

lps” el, = sum of squares of errors for Y

= E, (Yi-i+

e22 = sum of squares of errors for 2

= ;: (zi-z)z
i=l

52 = sum of products,of  errors for Y and Z

= E, (Yi-Y) (‘i-‘)
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31 1,= (n-1)  11 ’

sTs  =
(A)  e22

UR::  S12  = (,-rli)e,, -

u’uiio

URZ S12  =

Maximum likelihood estimate 1104  P %I  r

Td 52
r=

E = 68 Wishart matrix

R =

31 512

1 WO  sample variance-covariance matrix llOJ Y LEE 2

1 r12

r12 1
I

$0 correlation matrix
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52 =

H%l 5 1 2

r12  =

i-K

fIlWl6ltYftUUWl~(l34  El,  : p = 0 Cl’est  of independence)

H,:Q =  0

<J&4 r n-2 - L-2
t, =

t/-F

5.4.2 Multiple Correlatiol11URrn15nl10LI  H, : Q:,, zj= 0

I$:  = a’ Y Isludrton  8’ = [ al . . . as ] = vector of weights hb\~dl~U~56

WlJ simple correlation 5tHkJ  U UK Z~%lflJ$GI

5.4.2.1  fildlfh(I?lU  simple correlation 5XIilJ  U = a’ Y LL%Z  dJddlfiJqW$u

rrirfuni7  muitiple c0rrelation 5z%dlJ  set ¶lOJ&Lld5L%J~%J  q A (Set Y).LLRLc?i?Lbd5

t%J+J  Z

ST 437

lrti  var  (Y, = c ll(SXs)

cov  (TV  Z) = %(q  x 1)

Var (Z) = 022
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:. c = c,, a 12 (a

I, 1412 =22 (1)
L -1

Y, Y2 . . . Y,

var w,> c o v  (Y, Y,) . . . cov (Y, Y,’

cov  w,,  Y.) Var(Ys) . . . cov (Y.,  Y,’

cov  CL,,  ys> cov  (Y,,  Y,) . . . vai (YJ5

cov  (Y, 2) cov (Y,, Z) . . . cov ‘Yq,53 !
Z

Cbv (Y,  55) Y,

cov (Y,  ft) Y2

4

cov (Y*, a Y,

var  03 z

:.a
UUfKl x = Ci’  (7,2

Maximum likelihood estimate V&I  Q2 %I
(Y,Z)

ilzs;’  s 12
?

%2
= C&Z)

132
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bsuft (4) (I)
E =

R =

fc =
r2 be  - 4)  d

4 (1 - r2)
bdX% H, 959 fc  PZihillI09

biO?l  a (“regression-like” parameters) bb8Z

b (“most predictable” criterion) ~SX3h~%h%J~~&liO~  simple correlation 9X&9

u bbA’  v Bb1pyl
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5.4.3.1 RlQliY6Wl~l%J  simple correlation XHjlJ set -Y LLRZ set -2 64llfh+W&4

ii0 (largest) canonical correlation 734il9  set -Y LW set -Z

Ici Var(Y)=  Et, 4 Var (U) = a’Ctla

Var (Z)= C,, --r Var (V) = h’C,,  b

C O ”  (Y,Z’)=  c,,  + Cov (u, v) = a’C12b

:. E = ( P )

(4)
(P) (9)

e2
(Y.d

= largest characteristic root 9109 (C,‘C,,  &‘Z:;,) Maximum likelihood estimate

12
(Y. d

= Charmax (E,‘E,,  5$,,)

VI% = Charmax (q3,,  Sny2)

psi0 = Charmax (R,$,  R,lR;,)

5.4.3.2 &6bWlUfIl~WlhJ~9  9,  6 l&K  rcy,Ij

(Hl9ln  E matrix)

(HlWn  S matrix)

(Hl11tl  R matrix)

S = f,  E (Unbiased estimate 9109  C)
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R = Sample Correlation matrix

&i 1 a) M7 R;’

rd
YW?l 1 b)  Vi1 R$

VWII  3 ni  C = R12  B = R12R22
-‘R’

?2

(~WiNXt%iQ~s~~wd  : tilt3lMlrtfhblllU  diagonal llOJ matrix C ha%Jl%l¶Ju  diagonal

2105  R,, ~~xl~~Ut~l~~~~~lk~QJ~QJC(l~5~UlMllQJ  multiple

correlation XM4lJ  Yi iGJ  set - 2 )

&d  4 HI F = R;,’ C = R;’ R,2R2,‘R,.,

ihl6 iffui~n%oJ  eigerivect~,rC,ru~~~~l~~~~~  7 %ldldTtUl~U21QJ weights

a 4 P = [ a, L, . . . 5,  I

$3;~  Ij = I,  Y t + B,Y,  + . . . + sYP -P  best predictor

&ii 7 HI B P = I; (B 8117&d  2, B illTl&d  6)

$J&A V = 6,z,  + 6,z,+  . . . + 6,Z,  -+ best predictable criterion
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2
‘(Y,Z)  = Charmax  (R;11R,2  R,‘R’ 1 2 )

$1”?  $y:;,  2) .%laJlfIn~l~l~dlU~lf!  Heck’s chart %Wl519  A2 LTIP~~LIB H,

parameters ~lH~wn~dlU~l9ln  Heck’s Chart &I

s = min (p, q)

IP - 91  - 1
m = 2

n = np  - p - q - 1 (n AIS!dlaiI$  sample size)
2

ne = n - 1 ?Jh$-J~~iaodl~llUl~ n amdara7nsb~ua  (single population)

5.4.4 Partial Correlation

5.4.41 Simplest Case :

eyz  ~YU ezu
qy,  z,u)=  Corr (Y,Zlu)=

J-m”

?ll5YlFl~OEI H, : e
(Y  SaJ)

= 0 (partial independance between Y Lba;  Z given U)

e(y.  ZIU)=  '(Y,  zlu) 60 first - order partial correlation

rYz  - TYU  Tzu

‘cu. z1u,=

J1-rF,J1-rz,
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pth -order partial correlation 40 r(y,zIu,,u,,  __., up)

2nd - order partial correlation 60 r(y,zlu,,u,)

‘(Y,z/u,)  - ‘w,IU,)~(Z.~J$J,)

r(y*z’u’1u2)=  JI-r,:,,,JY&

es=h  =
r(ymJ,) - '(Y,U,lUJ  'wJ,l  UJ

Jqz-Jxz'I 2

5.4.4.2 General Case

iTaiaahh%is~u  3 7pGO  set - Y set - z Lb%  set - u 6hmxpikoon

-blur Y’ = [ Y, . . . Y, ]

z’ = [ z, . . . z, ]

U’ = [U, . . . u, ]
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= var (YIU  = ub)

$ = c,,  - &C,’  c’23  = Var (Z  IU  = u )Cl

‘;2  = ‘12  - 53  ‘3;’  ‘23’ =  Cov(Y,  Z’pJ  =  IQ)

Idaak-Tm~  51 c,, b?lOl  Scalar,  C,,LOU  vector -+r(u,z,uj=  multiple - partial correlation

ni&JilJdlU  matrices -+ rwz,v, = canonical - partial correlation

5.4.4.3 fllVlA80¶J  H,: & = 0
(Y,ZW

huam& tt~at%JWbilWn  Heck’s chart bfJd  parameters %I
(X z lu_)(

s = min (p, q)

m=)p-q)-1

2

n = (ne - r ) - p - q - l

2

51 R;,
-1

= x11 - %,R,,R’  13

%2 = %2  - R23R,:R’23

R;2  = R,,.- R,3  R3;‘R’23

r2
(1,  z IL!)=

Char,,,=  (R;$- *R;,(Ri,)  - l R;;
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5.4.5 &&~A89  Correlations

1Jnl 1 )

2)

3)

@diaoeiTS$  5.1 mn sample correlation matrix ?I09  Y, Z LbRf  U b@lfJd

Y= [Y, Yzl --t p=2

z = [ 2, z, z, 1 4 q=3

u = [ u, u, u, 1 --t r=3

multiple correlations XMilJ Yi, i = 1, 2 %I Z

canonical correlation XV&  Y TGJ  Z ktwmo’u

H, : C,,  = _0 4 a = .05

canonical partial correlation 33Vh3  Y UIZ  Z Ltiw0

partialed out U LL%Zl~Ml¶J  H, : QT~+~,~,  = ‘0 4

a = .05

R =

Y

- 1.00 0.58

0.58 1.00

Z U

-.06 0.41 0.42 1 0.09 0.58 0.70 1

-.03  1 . 0 0  0 . 4 8
I

Z-.lO 0.62 0.56 =

-.Ol  0.48 1.00 1 -0.12 0.48 0.64 1

0.67 -.lO  0.12 1.00 -.48  0.09
I

-.42  0.62 0.48 -.48  1.00 0.68 u
I

-.03 0.56 0.64 1 0.09 0.68 1.00  ]

-.06 -.20

0.41 0.59

0.42 0.53

0.09 -.17

0.58 0.80

0.70 0.77_

1.000926

h%.&@R,’  =  RZ;’ = 0.032775

-0.005723

R;;’  = R;;’  =

: 1.944227 .135049

-.399681

%I  52 %3

1 !R’  t, Rzz  %3

R’ 13 R’z3  R33

.032775 -.005723

1.300449 -.623888

-.623888 1.299409
I

-.399681 .135049

1.899359 -.286754

-.286754 1.829402
1
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RI1  = 1 0.58I 10.58 1

FGlfJ~ R22  =

8 d
WOl  2 Ml B = R,,-1 R' 1 2

= R$ -.06

.41

.42

9 (R,,I  = 1 - (.58)2 = .6636

i 1.000926 -.005723  .032775 0.032775 1.300449 -.623888 1.299409 -.005723  -.623888

1 -.03 -.Ol

-.03 1 .48

-.Ol  .48 1

-.20

.59

.53
I

&.d3  VA C = R,,R  = R12R2;l  Rf12

-.06 .41 .42 -.18388114

-.20 .59 .53 .43004927

.32173745
I
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1)  y11  multiple correlation 53dlJ Yi,  i= 1, 2 ik set - Z

i11?7  matrix C fhl3lMl3WJl%lYU  diagonal 2109  C hJWl%?lllQJ  R,,  ‘1U&1Ll#%k~

tWr?u?k  l3l~~VGil¶JXSJltl.&WlJ  multipleicorrelationllQJ  Yi %I set - Z

2

*-- qY,,z)
= .235233  = .235233  -+ c)= .4850

1 I’

r2 = -461021  = .461026+
(Y,>Z)  - J

1
rFyz,a)  = .6790

‘&i  4 HI F = RfitC  = R~‘R,,R~‘R~~~t9~ryf~~  la)

F = i 1.506932 -.874020 I[ .235233 .322483
-.874020 1.506932 .322483 .461026 1

= .072624 .083014
.280362 .412878 1

&n” 5 Ml Char (F)max

IFI  = .0067108808

tr F = .072624  + .412878  = .485502

X2 - (tr F) X + IFI  =  0

X2 - .485502X + .@I67108808  = 0

-6485502) ct J(-.485502)2  -4 (.0067108808)
A =

2

. A, = .4713,  $ = .0142. .

RI2  =RI2  =

[[

‘(Y,,  q‘(Y,,  q ‘(up  2,)‘(up  Z,)
rr
w,.  2,)w,.  Z,)

‘q* Z,)‘q* Z,) rcY*.  ZJrcY*.  ZJ 11‘CY,,  z,  )‘CY,,  z,  )

= [ 1:: ::t, :z]= [ 1:: ::t, :z]
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Fx=xlx , x = eigenV&OI

Ek = .4713  x

.072624 + 0.83014x,  = 4713

x2 = 4.802515234

5’ = [&,%,I = Constant [ x1 xt ]

= 10 [x,  x21

= [ 1 0  481

CJ = fI*  Y, + f$Yz

:. 0 = lOY, + 48Yz b?kt.J  estimator “1109  the best predictable criterion

(M?OL%A  the best predictor n”!&k%La”aLLdn7~

. P = -9Z, + 23%  + 18% L%  estimator ll0.S the best predictor. .
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2) dl~s~xl?nruaJn'ls~~~~Q~ Canonical correlation G= .6865  (o-m.54~ 5)

r*(Y,Z) = .4713

nl3m-fou  H, : E,*  = oerQ*(y,z)= 0 da = .05

6~RiifYl~HOU  tOr2ty zj= .4713

parameters L~OL%l&l’dVl  Heck’s chart &I

s = min (p, q)  = min (2, 3) = 2

m=lp-q\-1=\2-3\-I=0
2 2

n=ne-p-q-l (ne = n - 1 = 110-l = 109)
2

=109-2-3-1=5,5
2

Wfl Heck’s chart [ s = 2, m = 0, n,=  51.5 ] (Y  = .05

gft%x-pWo  .095

3) ~Icilela~oJl~~Qs~l~~~~~~~~  Canonical Partial correlation atM&  set - Y

LLIZ set - Z L~E.I  partialed out set - U ~$2

c;l~~=oJlrusloseil~~~~~~~~  Canonical partial correlation = r W,Z)U)

r*(Y,zp=  Charmax 1 &,)P  c_R;21  (Q’  (R;J’ I
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I
1.00

*33 = -.48

.09

R3.j1=
.24&48

.48 .09

*
=

.240:48

-.48

1.00 .240348

.68 1

.48 .68 -.48  1

.09 .68

-.48 .09 i 1 .09

1 .68 .48 .68

.5316 .5412 -.4164

.5412 .9919 -.7232

-.4164 -.I232 .7696

:
2.236757 2.251735 -1.732488

= I 2.251735 4.126933 -3.008970

-1.732488 -3.008970 3.202024

WI R*,, = R,, - R,, R$ R’,,

C, = R,,B,=
.548914 .603945

.603945 .738402

-.023945

.261598 I

R*,,  = R,, - C,x .451086

-.023945

B, = R3;’ R’,,:

1 -.48

1 -.48

-.48 1
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= .1174298324

(+ =e...L.- r .023945z .261598I$,  i 1 .023945 .451086 12
r
/ 2.227696273 .2039090026

1
.2039090026  3.841323715

r
1

I 538503 .109917 -.022524 1
Riz = .109917 .561690

-.022524 .079929

Ri2  = -.041356 -.054904

.004989 .027942 .0048 11
.031487 -.005938

-.007795 .004778 1HI D = (R,,)-' R;* (R&l (R;J =

.079929

.560818 I
-.068334

Ml Char

tr D= .036265

IDI = .0001041582

X2 - .036265X + .0001041582 = 0

A, = .03312,X, = .003145

Char max  (W  = ;:_  z,u_j  = so3312

= .181989 = hJatUlmYosdl~aJ~3&  -IJo9

canonical partial correlation
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niwm’o~  H, : $ = oda = .os
cr.  z IU

set - U)

(ne -r) - p - q - 1 (109 - 3 ) - 2 - 3 - 1
n = 2 = 2 = 50

ovl Heck’s Chart II4  A2 s.  = 2, m = 0, n = 50, (Y  = .05 y&Kpl  &I .l

.*. %,z I!& = .03312  < .1
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5.1 dPrnlr~n~l~sclalxl~~~~~~~~~1~  Wechsler Adult Intelligence Scale (WAIS)

CJOlfj

Correlation matrix 2109  Y,, Y,,Z,,  Z, BO

R=

dowmWI.I  Ho : Q”
(Y, 25

0 (BjlFlQ¶J  r* = .4x75)
(Y,Z)

5.2 ~inh&%  5.1 WMi i LLR:  6 dial  fl = glyl  + $Y2  ka:

89LgU the best predictor MItthe  best predictable criterion WIOJ~I~LI

9 =  615  +  “*z*

5.3 Ml multiple correlations 334il4 Yi, i = 1, 2 fKJ set-Z
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